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Chapter 5 Modeling with Higher Order
Differential Equations

Chapter 4 & * %3

pZRR o F A bk sk linear DE %k 4 57

HY 5 72 0en k¥ - i it = linear DE with constant
coefficients
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5-1 Linear Models: Initial VValue Problem

~E X WA dt S e Bode?
F =ma F:mdzx
dis

F - pgv=ma N d?x

X '8dt_mdt2



5-1-1 ~ 5-1-3 Spring / Mass Systems 262

/ /
[+s
unstretched _I
m — _L _______ J— _* —_
equilibrium X M4 F
Position m L_L
mg-ks=0 :
motion
(a) (b)

Spring/mass system
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k.
m

o) =

iNn ot

c,Coswt+cC,s

x(t)=

Solution

e

X positive
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dx _
dt =
= B

dt? dt
m%i;(+,8c(§l)t(+kx=o
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FRAZTHEAL

(1) #3#-
a, () y"W(t)+a,, ()y" () +---+a () y(H)+a, (1) y(t)=g(t)

9(t) 44 1% input & deriving function £ forcing function
y (1) AL (¥ output & response
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(2) £37=
¥t — i 2" order linear DE with constant coefficients
ay' (x)+ay(x)+a,y(x)=0
auxiliary function a,m* +am+a, =0
a’ —4a,a, >0 ¥ » 1% overdamped
a’ —4a,a, =0 pF » LI critical damped
a; —4a,a, <0 pF » 1% underdamped
—4a,a, <0, a, =0 PF » f ¥ undamped
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(3) ay ' (xX)+ay (xX)+a,y(x)= g(x)%,;, g
a ﬁj@lﬁé‘ﬂ%}%’-‘f\: AR

y / au N l,.b _‘/

¥a,,a,,a,NEY LT ala, HEARL s FRTEE R ARE

When a2 —4a,a, <0 'y, =e*(c, cosBx+c,sin £x)
o =—a,/2a,,

When a12 - 4a2a0 => O yC — Clemlx + Czemzx

_—a1+\/af—4a2ao m, :_al_\/alz_4azao
B 2a, 2a,

m

1



269

5-1-4 RLC circuit

fm\ inductance e & LA

2 dt

==r capacitor % & g

| | . , :
| | resistor 1§ B R

C
C dt dt
q dq dzq_ . . 7
cRat "t “EM - AT g
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2

a4, RgY99, 99 _g
c dt dt

auxiliary function Lm?*+Rm+1/C =0

roots: mlz—R+x/R:L—4|_/c m, :—R—\/F\;L—4L/C

Case 1: R°—4L/C >0 (overdamped)

(m, = m,, m;, m, are real)
Complementary function:

g.(t) =ce™ +c,e™

i d W R, L CHESMELD b, VRP-4L/IC <R & 7 1% &L

B My, My FRAER
q.(t)=0 whent o o



Particular solution (1) E(t) 3 hpFig ¥ * 7 guess” e ;= k iz
(2) E(t) * variation of parameters 7= ;= — z_fZ{F 1) Kk (12 4L pF)
emlt emZt +my )t
W = rnlemlt mzemzt — (m2 T ml)e(ml 2)
m,t \i
Wl _ 0) e = 2 ks g™t 0] _
?  myem <=imge ?
’_Wl_ _emztE(t)/L N, :WZ v emltE(t)/L
o W B (mz — ml)e(mﬁmZ)t ° W (mz — rn1)e(ml+m2)t
—[ E(t)e ™ dt [e ™ E®dt
u, = u, =

I—(mz _ ml)

I—(mz T m1)



e™ [E()e ™dt e™ [E(t)e ™dt
_|_
L(m, —m,) L(m, —m,)

qp(t):_

e™ [E(t)e ™dt ™ [E(t)e ™dt
_|_
I—(mz A ml) I—(mz — m1)

mot

q(t)=ce™ +c,e™" —

Specially, when E(t) = E, where E, Is some constant

1

q (t) o Eoemltje—mltdt . Eoemztj.e—mztdt 84 EO [ 1 -
P L(m, —m,) L(m, —m,) L( 1)
E,
= = E,C
- Lmm, (mlmz 1/LC)

q(t) =ce™ +c,e™ + E,C

m,

J

2172



Case 2: R2—4L/C =0

q. (t)=ce "2t +c,te

(critically damped)
(m; =m, =-R/2L)

—Rt/2L

q.(t)=0 whent — «©

Particular solution

—Rt/2L

e
L

qp(t)::

[tj'E(t)eR“ZLdt—j’E(t)teRt’ZLdt]

q(t)=ce ""? +c,te

—Rt/2L

_|_

—Rt/2L
e

L

[t_fE(t)eR“ZLdt—_fE(t)teR”ZLdt]

When E(t) =E,, ()= FC

2173
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Case 3: R2—-4L/C<0  (underdamped)

m =a+ )f m,=a—Jp
—R JaL/c —Rr?
oa=— L=
2L 2L
g. (t) =e“ (c, cos Bt +c, sin St) q.(t)=0 whent - «©

Particular solution

q,(t)= eL‘; [sin ,Btj E(t)e “' cos ptdt — cos ,Btj' E(t)e “'sin ,Btdt]

General solution

q(t) =e* (c,cos St +c,sin £t)
e

L5 [sin ,Bt_f E (t)e “" cos ptdt — cos ﬁtf E(t)e “"'sin ,Btdt]

+
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When E(t) = E, where E, Is some constant

q(t) =e“ (c,cos Bt+c,sin gt)+ E,C

When R=0,then =0

g(t)=c, cos St +c,sin St +|_1,8[Sin ,Btj E (t) cos SAtdt —cos,Btf E (t)sin ,Btdt]

When R=0, E(t) = E,

g(t) =c, cos gt +c,sin gt+ E,C

i(t) = S-a() = d, cos gt +d, sin St d, = Ac, d, = —/c,
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"1 DE 2 % §2 98 RLC § i chR® 41

L

O .
| |
'

(1) R2<4L/C A4 g
(2Q) R A%/ > 524 F 5 15 A% R
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o]

R d_E®  E()=1,L=0.25C=00L

L
dt? dt

a12 _4a2a0 f— R2 _100
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001 T T T T T T ¥ T T

R =100

0.005 =

0-01 T T T T T T T T T

0.005 =

0-01 T T T T T T T T T

10 0.005 =

R
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0-015 T T T T T T T T T

0.01 |-

0.005 =

T

0-02 T T T T T T T T T

T

0.015 —
0.01

0.005 =

0.02 T T T T T T T T T
0.015 —

T

0.01

0.005 —

(0] 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
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5-1-5 Express the Solutions by Other Forms

(1) Express the Solution by the Form of Amplitude and Phase

a,y ' (x)+ay (x)+a,y(x)=0

% a’—4a,a, <0 ¥ > solution &  y=e"(c,cos Bx+c,sin Bx)

a=-a l2a, [=+/4a,a,—a’/2a,
Solution ¥ T g =
y = Ae“*sin(BX+ ¢) A=./c] +cC

¢ =sin"'(c,/ A)y=cos ' (c,/A)
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y = Ae“*sin( X+ @)

Ae” 1 damped amplitude

£+ damped frequency

¢: phase angle




(2) Express the Solution by Hyperbolic Functions

a,y"(X)+ay (x)+ay(x)=0
% a,=0
r a,>0a<0 (s a;>0,a,<0)

_ a
y=ce™ +c,e ™ m = —»aﬁ
2

y = ¢; cosh(m,x) + ¢, sinh(m,x)

m, X

X 4 e”
2

mx _ o=
2

C; =C, +C,

cosh(m,x) =€

My X

sinh(mx)="¢

c,=C,—C,

282
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5-1-6 » & &L F chs 3

(1) %+ £REBSDERF» BALD f 5 (4 = %)
(2) /2 2. page 266 chw B & 4 &3
(3) ;i R, linear DE with constant coefficients 3% » 4 H @ 18 2

(see pages 279 and 281)
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5-2 Linear Models: Boundary-Value Problem

Section 5-2 57" 4% > {= Section 5-1 #§ i
(% 4_ Linear DE)
2 g_#-initial value problems % = boundary value problems

N

4 Y ¢ #-IVP #z = boundary value problems -

4 solution 7 i+ AR 8 7



Section 5-1 ]+
(1) + #p & & T_i=

(2) s8%¥ :@H  (subsection 5-1-1~5-1-3)
(3) RLC Circuit (subsection 5-1-4)
Section 5-2 5]+
(1) #2544 (a) # *x (subsection 5-2-1)
(b) + # » 4 (subsection 5-2-2)
(2) ¥+ & (subsection 5-2-3)

285
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4-8 Solving Systems of Linear Equations

by Elimination

4-8-1 * 2 g * A For 4]

B2 4 2 2+ dependent variables sk 48
B4e : Section 3-3 TR E F T BT hin] 3
P4 ¢ 2 &_linear and constant coefficients




4-8-2 % 287

n

(Step 1) L - C(Ijt“ B DN
(Step 2) £ * T = = A2 (& AL fo) e 5
#-% 1% dependent variable #1 % & 7 DE & !
(Step 3) £ :&F * Sections 4-3, 4-4 e % >
# 41 & dependent variables %
(Step 4) = ® Fz¢ > &3 unknowns z_ [ criRf %

(W% 7 8- # » 7 1054 5 page 200)



4-8-3 f’ i)

Figure 3.3.4 sz 3 (See Pages 94, 95)

leiégt)+ (R, + R, (t)+ Rji; (t)=E(t)

| dig () .
R1'2 (t)+ L2 dt + R1|3 (t) e E (t)

£ L,=L,=1,R,=4,R,=6,E(t) = 10

O"(ngt)ﬂmz (t) + 4i, (1) =10

ai, (1) + 45 4i, (1) =10 iz

288



Step 1

(D +10)i, +4i, =10

Step2-1 (D+4)x(5*1)—4x (5" 2)

(D+4)(D+10)i, —16i, = (D +4)10—4x=10
Note: (D+4)10=910+4x10=40

(D? +14D + 24)i, =0

Step 3-1

auxiliary function
roots

;4 1)
(% 2)

dt

m? +14m+24=0

m, = —2

i,(t)=ce ™ +c,e

12t

m2 = _12

289



Step 2-2 4 x (3% 1) —(D+10) x (5 2)
16i, — (D + 4)(D +10)i, = 4x10 — (D +10)10
—(D? +14D + 24)i, = —60
(D2 +14D + 24)i, = 60

Step 3-2  auxiliary function: m? +14m+24=0
roots m=-2 m,=-12

—2t —12t

complementary function for I, (t) = & = +c.@
Particular solution: 13 ,(t) = A
24A=60 , A=5/2

i,(t)=ce® +c,e ™ +5/2

290



Step 4

i,(t)=ce* +c,e ™™

(581
i,(t)=ce* +c,e ™ +5/2 (5 1)

(8c, +4c,)e* +(—2c, +4c,)e **' +10=10
8c, +4c, =0 : Cs i _Z/C;
—2c, +4c, =0 C, =G,

12t

i,(t)=ce ™ +c,e”

i,(t)=—2ce™ +c,e ™ /2+5/2

Bt Iy() F i5(E) efE

291
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FAL D F R Aw ¥ - g ?

4 i, (t)=ce ™ +ce ™

A (A
i,(t)=—2ce™ +c,e " /2+5/2 rw (5 2)
(4+4—-8)ce* +(4—-6+2)c,e " +10=10

=/ i Y 2 o Ap LR N
ﬁ%\f:{rﬁCl’ff’szpr? \ ’-g‘%’fué 1:,\':_

gt
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o o Ffif chfdi2

Step 2-2 #-i,(t) f& I kL is
B RERELEA) A (5V])
(D +10)(c,e* +c,e **")+4i, =10
—2ce?' +10c,e* —12c,e **' +10e *' +4i, =10
4i, = —8ce ' +2c,e *?' +10
i,=—2ce* +c,e®/2+5/2
7 e 5 y 2 AN " - Y ‘i—,j,‘-"?' L
e 3 ﬁé p it enfziE: 2 A E R A F'QE’}P
v

L7 ¥ % = 1 dependent variable i;(t) e~ B4 i * )



Example on text page 169 Dx—-3y =0
2xXx—Dy =0

Example 1 (text page 170)

Dx+(D+2)y=0
(D-3)x—2y =0

Example 3 (text page 172)

2 1

3tX1:—25X1+5oX2

d

d, _ 2., _ 2
dt ‘2 =251 " 25 %2

294



Example 2 (text page 171)
X’—4X—|— yrr:tz
X'+Xx+y =0
Stepl (D—4)X+ D2y=t2 (;\11)
(D+D)x+Dy=0 (;tz)
Step 2-1 (5%2) xD — (541)
(D? +4)x = —t*
Step 3-1 complementary function: *. = ¢ cos(2t)+c,sin(2t)
particular solution: *» = At? + Bt +C

4At? +4Bt +4C +2A = —t? A=-1/4, B=0,

__1 1

X =¢, cos(2t)+c,sin(2t)— t "

oo]

295

C=1/8



Step 2-2 (541) x(D+1) — (54 2) x (D—4)
(D°+4D)y = (D +Dt* =t> + 2t

Step 3-2 complementary function:

Y. =C,; +C, COS 2t + Cc.sin 2t

particular solution
Yo = At® + Bt® + Ct
A 8 Yyl H y, =At*+Bt+C

12At? +8Bt° + 6 A+4C =t + 2t
A=1/12, B=1/4, C=-1/8
Vo =35t + 5t gt

y =C,+C,cos2t +c,sin2t +-Lt3+ 1tz _1¢

12 4 8

296
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Step 4 (% » 52) (F1% 521 8 1% 2)

(c, +2c, +2¢c;)cos(2t)+(c, —2c, —2c,)sin(2t) =0

CSZ_CZ_%C]_’ C4:%C2_Cl
)fa’z,’: x=clcos(2t)+czsin(2t)—411t2+%

y =CcC, +(%c:2 —c,)cos 2t —(c, +%cl)sin 2t+112t3 +411t2 —%t




4-8-4 % B Dependent Variables

d

' X =06 ‘
Exercise 19 4 y Dx—6y—0 (51)
3ty—x+z — * x—Dy+z=0 (3'2)

gtz_x+y X+y—Dz=0 (;\3)

Steps2,3: A w@ita & 7 XYz DE
A xD+(543) (D+)x+@-D?)y=0 (54)
F4)x 6+ (541) x (1-D?)

(—-D®*+7D+6)x=0 —m>+7m+6=0
3t mzl,_2,3

—t —2t
X=ce ' +c,e ' +cge

298
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(¥4) x D—(5'1) x (1+D)
(—D®*+7D+6)y=0 y=c,e +ce’

(*3)x6+(*1) (D+6)x—6Dz (545 )
(F#1D)xD-(*2)x6 (D*-6)x-62=0 (5'6 )
(515) x (D% —6) + (54 6) x (D+6)

2t 3t

+ C4€

(6D° —42D —36)z=0 |z=c,e ' +ce " +c,e’
Step4 : # C4 Ce, Cq, Co, Cg, Cg * Cy, Cy, Cg % 7T

> — —t —2t 3t S\ v
B X=cCc X +C,X " +CyX e (341)
—t -2

y =C,X '+ CgX

6c, =—¢, ,6¢cy; =—2¢c, , 6C45 = 3C, yz—%e —3¢€ +%e

t 3t
+ Cg X
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X=ce "' +c,e? +c,e™
; _ - X 7\
- yz—(lset—:lge 2t+%e3t ~w (342)
z=c,e ' +ce? +c,e’
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Higher order 3.1
(1) &3k 3 N i dependent variables,

Al > % &3 N B DE A4+ 4 solutions

(2) ## — & DE eorders » 5] 5 ki, Ky, Ky, oeee , Ky
B {S A r’jﬁuwk.orderpk+k +k+ ........ +kN'§J/’JDE

()& wH e N—1 ;% k& unknowns 2 & crBE 4
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A circuit that can be modeled by a 2" order polynomial.



http://creativecommons.org/licenses/by-nc-sa/3.0/tw/deed.zh_TW�

4-8-5 & & F L R ehpt

(1) Section 4.8 =77 ;= & i * >t constant coefficients =i

(2) & - B dependent variable =% >
homogeneous =338 4 id F ¢ 5 4 fe 3] ik
@)t ¥ ik R
(p AR RAEE B fof2 a0 A F0 & on
(4) =% &
(5) w7 Step 4 2+ & unknowns 2. B enfd 1%

(6) o pw ¥ rd % ik enfidix 7

7

303
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#4281 A page 169 @
X —4x+y —2y=e"
(D-4)x+(D-2)y=¢e"

it &
X' +4Xx+y —2y=¢e"

(D+4)x+(D—-2)y=¢e"
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4-9 Nonlinear Differential Equations

Method 1: Reduction of Order
Method 2: Taylor Series

Method 3: Numerical Approach
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4-9-1 Method 1: Reduction of Order

A o g 1torder DE
£ * 1torder DE &7 2 £ f%
(i& ™ % e £ F 4r Section 4-2 - # > & £_% *T3% linear »
AE A A 28— B fE)

A+ * The DE should have the form of

Case 1, page 306 Case 2, page 308
d d? ,\_ d d \\_
I:(X’dxy’dxzy)_o or |:(y’dxy’dxzy)_o

(Without the term y) (Without the term x)
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Case 1: The 2" order DE has the form of F (X Y O?Xzz y) =0
(Without the term y) / /
u o?xu

2% © (Step1)Set u=Sy
S PDE 8+ F(x.u, du)-0(3tum 3 » £ 1%order DE)
(Step 2) #-u 2 % (* Section 2 e ;2

(Step 3) #F u 44 & » TRy



Example 1 (text page 174)

y"=2x(y")’
(Stepl) u=YVy
du=2xu? A 3F
(Step2) u=- X21+C
(Step3) v=-] X21+Cdx=7

308



Case 2: The 2" order DE has the form of F (y Yo y) =0

(Without the term x) / /

f#;% : (Step 1) Set u=_Cly

™
e
c
34
|
fim
|_\
%)
@)
-
o
D
-
O
_ITI
=
o
D
o]
D
>
o
D
=S
—t
<
Q
=,
Q
o
D
ETTR
<
N’

309



(Step 2) #-u f& 4 %k (* Section 2 737 %)

3

NN\

T

iz, U By chandic u=FR(Yy)

-—

d A\ rerome
(Step 3) di = Fl(y) Fl(y) = dx
* separable variable e 2 I ¥ #-f2 18

310



Example 2 (text page 175)
yy" =(y')’
(Step 1) Set u= o(ljx y

u9y=u2
yudyu u

du _ dy
(Step 2) Iy =

Uu==cy (c, ==xe%)

Inju|=In|y|/+c,

dx

ul=|yle*

(Step 3) dy—czy dyzczdx In|y|=c,x+c,4

y =c,e” (c, =+xe%®)

=e-e

311
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4-9-2 Method 2: Taylor Series

_ y'(0) y"(0) o, ¥"(0) s Y®(0) 4
y(x)_y(0)+l!x+2!x I X AT X

{ - 4l

y(x)= y(x0)+y’(l)!(")(x—xo)+z%(x—xo)2+yméi(")(x—xo)3+

(4)
# Y 00) syt

Step1 & 4y Y(X0): V(%) ¥'(X). ¥"(%). YD (%), oo

Step 2 % Taylor series



Example 3 (text page 176) 313

Yy =X+y—y? y(0)=-1 y'(0) =1
y'=x+y—y* y"(0)=0+(—1) —1*> = -2
"= (x+y—y)=1+y —2yy y”(0) =4

y
y = %(LL Yy —2yy)=y"—2y"y—2(y)* y“(0)=-8
y

5) _ %(y” —2y"y—2(y)?)=y”"—2y"y—6y'y" y®(0)=24

i~ w Taylor series

2 1 1
X)=—1+X—X"+=-Xx>—=x*+=x"------
y(x) 3 X 73X *g




D (1) y(x) Bxg e 2o F L analytic,

(X=X, # % singular point)

(2) f% n™ order DE F¥ > y(x,) * V'(Xg) °

yO-D(x,) ehiE e T F L e A

B)Fhenfar 3 & X, HiTR S & 52

i %2 : (1) Taylor series &% 5~ % > 38 ?
(2) [x —Xo| 245 Bl ?

Yy (%)

314



Taylor

/ polynomial

Solution curve
generated by
numerical solver

DO

315
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4-9-3 Method 3: Numerical Method

d®y

dx? =T (X’ y,y’) y(xo): Yo y'(xo):uo
2 { y' =u subject to
&= ’

/ u' = f(xvyu) Y(Xo) =V¥o., U(X)="U

i * Section 2-6 = Euler’s Method
Y (Xni1) = Y (X0 ) + s = X)) Y (%)

Y (Xnia) =Y (%) + (Knur — X, JU (X))

U(Xnq) =U(X,)+ (Xopa — XU (X,)
=u(X,)+ (X1 — %) F(X,, Y(x,),u(x,))
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y'=u X, ) = u(x,)=u
Lo ol by YOO ute) =t

Recursive % 2

Initial:  Y(%)= Yo, Ux)=Uo -

\ 4

> y(Xn+1):y(Xn)+(Xn+1_Xn)u(Xn)

n=n+1 !
u(xn+1) - U(Xn)+ (Xn+1 T Xn) f (Xn’ y(Xn),U(Xn))




: 318
§ — S5 v e

k
Y (s

y(Xo): Yo.0 y’(xo): Yoa y”(xo): Yo.2
y(k_l) (Xo) = Yo k-1

:’i31 Y (X)) = Yoo
}: 2 bi ul(xo):yo,l
) u, — U, Su jeCt to u, (Xo) = Yoo
’ U > = U, u, ; (XO) = Yok
(U =T (X’ YU, Ug,ooene ’uk—l)



Recursive eji% /2

Initial 1 y(X,) =Yoo, W (X)=V¥Yo1, U,(X)="VYoo2,

------ U1 (%) = Youca - n=0

A 4

y(xn+1) - y(xn)+ (Xn+1 —Xn)ul(xn)

A 4

ul(xn+1) — ul(Xn‘)'_F (Xn+1 —Xn)UZ(Xn)
Y
u2(Xn+1) — u2(Xn3+(Xn+1 >~ < Xn)us(xn)

n=n+1

U, > (Xn+1) = U, 5 (Xn ) + (Xn+1 — Xn)uk—l (Xn)

\ 4
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_uk—l(xn+1) = uk—1(Xn ) + (Xn+1 - Xn) f (Xn ’ y(Xn)’ Ul(Xn), uz(xn)
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2% e )

d*y

ka — f (X, Y, yr’ yn, ...... ’ y(k—l))
D F F(xy.y.y. ... y& D) & & 3~ (bl4e singular point)
B (Y, Y Y,y ) B A m s o R EApy L

?J‘l_}é‘ﬁ" gg/_pa

(2) %% 3 k B = - Z-eminitial conditions
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4-9-4 & & T i1 R, ey

(1) Section 4.9 &= % ¥ 2Lix fv 75 587 14 %
4.-7@-’,2.?&*)3 B ]
(2) Section 4.1 enz 32 7 if * 3t & & (&4 exercises 4.9 (0% 1, 2 57)
(3) Method 1 +* ﬁ’& P 5 4o sl
(4) Method 1 &) % 7 #-u * dy/dx &~ w



5-3 Nonlinear Models =
LB F a3 (text pages 207, 208)
4 foenb) S+ (text pages 209, 210)
TSRt F (text pages 210, 211)
L & i)+ (text pages 211)
£ 483 thiz| 3 (text pages 211, 212, 213)



5-3-1 L &% g F

dt?
Feryymeac® (§1 304 i)
_k MM :mdzy(t)
vy (t) dt?
@"”ﬁ 51 4

DO O

323


http://creativecommons.org/licenses/by-nc-sa/3.0/tw/deed.zh_TW�

5-3-2 £4h% i3

F-9my
dt
rgr—g_ V: B, mv: & T upSVé:rd
m €5 F X m e (£48F ahb]+), m=Kkx(t) force
‘r o F()
. ln’zg

‘ o SRS,

24
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d d
F—mMmg=v—m+m-—v, F=F —m
0 g dt + dt ( 0 g)

R —kg €)= Sx(0 )¢

2

x(t)+ k[cc:tx(t)jz kg k) =F,

d
kx(t) Jt

Foo2s 4, kk®xEiz&hF&, X(t) 3 & (deo )
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Example 4 (text page 212)

X ‘3:5 +($9? +32x =160
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(1) Cauchy-Euler equation #* 7_ & *

(2) ¥ % 25 % & % it ¥ Numerical Method % %
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5-3-3 A & F LR e 3

(1) ~ #%4chfiaj » % 3l DE SRR ¥ i ff H
e B Y -t 18 R0 AT % A DE ehf? 3E o

&gt ) B

(3) tanfd = AL F

Q) Bva * R E ks - BRI



Reviews for Higher Order DE: 523

(A) Linear DE Complementary Function 3 =~ %%

(1) Reduction of Order (Section 4-2) - P(x)dx
: Y2 (X) = yl(x)_[
iE ¥ ,r_ﬁi.;]} . yl (X)

(2) Auxiliary Function (Section 4-3)

a,ymW(x)+a,,y"P(x)+-+ay'(X)+a,y=0

n n—1
am +a,_m +---+am+a, =0

7
4 Cases (See pages 179, 180)




(3) Cauchy-Euler Equation (Section 4-7) 330

a, X"y (x)+a, X" 'y" P (x)+---+axy'(x)+a,y =0

m! m! m! _
B (m—n)!+a”_1(m—n+1)!+ +a1x(m_1)| 0

£



(B) Linear DE Particular solution 3 + %2 331
(1) Guess (Section 4-4) (34 & #- & page 191 =4)

&£ 3% 1y, should be a linear combination of g(x), g'(x),

i a9t (%), 9"(), 99X, g,

FIE R kX InX

(2) Annihilator (Section 4-5)
%R ~a0DE 5 LIyX)] =9(x) Annihilator: L,[ g(x)] =0
Particular solution 5= L {L[y(X)]} =0 1z
(42 f= LIy(X)] = 0 % & 47 ik »)
[ * A Y=Y+ Y,
Annihilator & ;* = < 2Lp] : Pages 210-212



(3) Variation of parameters (Section 4-6) 332

Yp = Uy, +U Y, +oeeeee +U,Y,
y y y e Yn
u, (xX) = Wi 1, ? ? '
W Y1 Yo Ys T Yn
W=l y/ Y2 Y: 0 Ya
% v (10710 4 JandEER A

W, : replace the k™ column of Wby | ¢

FO0= a?n((i)) K ?x)_




(4) For Cauchy-Euler Equation (Section 4-7)

TR A
R

1 | 1
a m! +a m! m!

"m—n)1 " i m_n+nt A m 1)

% complementary function

£ * Variation of parameters f% particular solution

(2) Use the method on pages 253, 254
Set x=¢e!, t=Inx

333



(C) Combination of Linear DEs (Section 4-8) 334

S
=

. d" s o
Step 1: e Gen %> DI
Steps 2, 3: * @42 > ¥ 8 7 3 — B dependent variable
=7 DE » £ #-:% % dependent variable f# 1 &k
Step4: #w k3> F & dependent variable =¥ #cc, 2 F e

B T

£



: : 335
(D) Nonlinear DE 3~ f%;# (Section 4-9)

(1) Reduction of Order

(1-1) F(X’(?Xy’g; y)=0 - F(X’U’(?XU)ZO
Set u—Sy

(1-2) F(y’(?xy’dd); y)zo epnceng] F(y,u,udyu)zo
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(2) Taylor Series
iE # 01‘%‘1—]3 . y(n) — F (X, Y, yr, yrr, ...... ’ y(n_l))
F (%, Yoo YD) oo

y(x)= y(xo)+yg_)!(o)(x—xo)+y”g)!(o)(x—xo)2 +y’”:g!xo)(x_xo)3+
Y@ (X,

20 )(x—xo)4 £l

_I_

(3) Numerical Method

iE * 'r%.:lj : y(“) = F (X, V,Y,y", - , y(n—l))
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Exercises for practicing

Section 4-8 5, 10, 14, 17, 18, 20, 22, 23
Section4-9 1,5,6,8, 11,12, 15, 18, 19
Review4 33, 34, 38, 40

Section 5-1 11, 25, 40, 45

Section 5-2 5, 22

Section 5-3 14, 16

Review 5 21, 22
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B | fFm | REER FIRMEH

GIERE BETEVTRT T EE3H%
DLEIFHCC " #E R — JERs e — HHEDT =S | 2083 O PR ERE -

261
BB KRS EETEVSRT T 8%
555 PIgIHCC " ¥ —IEpsEtt: —tHE T = | ZE3 Ol fER Y
=3 BB KR BE LIV T %%
) i & JEpndEM =17 INET =S 0 Fo1E T
263 | colcle) PABIACC ' DR — IR EME —MHE TR0 = | /83 O R
R BERE BE LR T a3

o &

%{ PO DAEIHCC " # #80R — JEpa et — MHE U= | 2083 O ERR
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