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Section 4.5 Matrix Representations of Linear Operators

Definition

A linear operator on R" is a linear transformation from R" to R".

Example: reflection about a line £ through the origin in R°

y P

Y special case: £ 1s the x-axis

(25

the standard matrix of 7"

T

[T/(el) T’(eQ)}:[el —ez]:[o _1_

general case:

consider the basis B = {b, b,}.
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Definition
Let T be a linear operator on R™ and B = {by,bs,--- ,b,} be a basis for R".
The matrix

[T(b1)]s [T(b2)ls -+ [T(bn)]s |

is called the matrix representation of 1" with respect to B or the B-matrix
of T. It is denoted [T]3.

Question
What is [T where £ is the standard basis for R™?

The Definition 1s an extension of the standard matrix to general basis.
For & = &, the standard basis in £”,
Tle =[ [T(b1)]le [T(b2)le -+ [T(bp)le |=[T(er) T(e2) --- T(en) |

Examp]e; How do we find [T]g?

T 3r1 + 23 1 1 2
T(|:x2:|) |: Lo :| B{|:1:|’|:2:|7|:1]}{b17b27b3}
T3 —T1 — To + 3x3 1 3 1

\ /
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How do we find [T]g?

1 3331 + X3

T X2 = 1 + T2
<|:5133]) [331@4—3:1:3
4 §
T(by)=| 2 T(by) = | 3
1 §

3 -9 &8
== [T]B = —1 3 -3
1 § 1

Al
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Preview Question
Let T be a linear operator on R"™ and A be the standard matrix of T

Let B = {by,bs, - ,b,} be an (ordered) basis for R" and
B=[b; by - b,].

Q: How can we write |T];5 in terms of matrices A and B?

Answer
1. No, it is not always possible to determine [Tz from A and B?
2. [T|g = B~1A?
3. [T|g = AB™1?

4. [Tz = B"*AB?

5. None of the above?
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Theorem 4.12

Let T" be a linear operator on R", B3 a basis for R", B the matrix whose columns
are the vectors in B, and A the standard matrix of 7. Then [Tz = B™1AB, or
equivalently, A = B[T|gB~".

Proof Suppose &= {b,b,,....,b }. Let B=[b, b, ---
Tls = [ [T(b)s [T(b2)]s -+ [T(bn)ls |
| [Abi]g  [Abs]g [Ab,|5 |
| B~'(Aby) B7!(Ab,) B~'(4b,,) |
= [ (B7'4A)b; (B 'A)b, (B~'A)b,, |
= B 'A[b; by -+ b, ]
— B 'AB.

= B[T|gB~! = B(B~1AB)B~! = A.

b, ]
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Definition
For A, B € R™"*", if B = P~ AP for some invertible P, then A is similar to
B.

Property: If 4 1s similar to B, then B 1s similar to 4. Thus we say
A and B are similar.

Example:

1 3r1 + 23 1 1
T X2 = 1+ T B = L, 2],
I3 —T1 — X2 + 35173 1 3

The standard matrix of 7'1s B=[-"]

3 0 1
A= [ T(el) T(eg) T(e3) } = |: 1 1 g :|

= [T]B — B~ 1'AB =
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Example: Let T be a linear operator on &’

1 1 1 3 0 2

T 1 =1 2 T 0 = | —1 T 1 =10
0 1 1 1 1 1

Hbi} <, E s E Hc_aj

Q: Can 1" be uniquely determined?

B=1{b,,b,, b} 1sLIL =RBisabasis. LetB=[b, b, b;].

Tls = | [T(b)ls [T(b2)ls [T(b3)]5 |
: B_lT(bl) B_lT(bg) B_lT(bg,) }
:B_lc B_lcg B_lcg]

= B_l[cl Co Cg}.

1 0 2
o Lo —1.5 } Yes, 7'1s uniquely determined
by its images of a basis.
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Example: reflection operator 7" about the line y = (1/2)x

Y slope = 1/2

0 [
bs H £ Let B ={b, b,},B=[b; b, ],
and A4 be the standard matrix of 7.

Tl = [ (Tbuls 02l 1= | o ) |

~ A=B[T)pB" = [ o ]
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Homework Set for Sections 4.5

Section 4.5: Problems 1, 3,7, 9, 13, 15, 19, 21, 23, 25, 27, 29,
31,33, 35,37




