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Section 4.4 Coordinate Systems

Theorem 4.10

Let B = {uj,us, - ,ui} be a basis for a subspace V of R". Any vector v in V
can be uniquely represented as a linear combination of the vectors in B; that is,
there are unique scalars aq, ao, - -- ,ar such that v =ajuy 4+ asus + - - - + apuy.

Proof Since 33 spans V, the existence of a,, a,, ..., a, 1s assured.

For any b, b,, ..., b, making v=b,u, + b,u,+ --- + bu,, we have
0=v-v=(a-b)u;+(a,-b)uy+ -+ (a-bpu;

=a,-b,=a,-b,=---=a,-b,=0,since B 1s L.I..
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Definition

Let B ={by,bs,--- ,b,} be a basis for R™. For each v in R", there are unique
scalars cy,co, -+ , ¢, such that v = ¢ifb; 4+ csby 4+ - -+ + ¢, b,,. The vector

c R ordered basis

is called the coordinate vector of v relative to B or the B-coordinate vector
of v. We denote the B-coordinate vector v by [v]z.
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Example:

Example: For the same basis B above andv=[1-4 4], to find
[v]4 , we need to determine the unique scalars ¢, ¢,, c; such that

1 1 1 1
I | +c2 | —1 2 | =] —4
1 1 2 4

=, =-6,c,=4,c,=3and [v]z=[-6 4 31"

Cq + 3
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Example

Let £ = {e1,ea, - ,e,} be the standard basis of R". Then for all v € R",
v]e =7

Example

Let B = {b1,bs, -+ ,b, } be an (ordered) basis of R"™. Then for alli = 1,2, ..., n,
(b;lg =7
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Question
Let B be a basis for R™ and B be the matrix whose columns are the vectors in
B.

How do we write [v]z in terms of v and B?

Example: Consider

1 1 1 1
VvV = —4 and B — ]- ) _1 Y 2
4 1 1 2
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Theorem 4.11

Let B be a basis for R™ and B be the matrix whose columns are the vectors in 5.
Then B is invertible and, for every vector v in R™, B|v|g = v, or equivalently,

[v]s = B~ lv.

Proof LetB ={b,,b,,...b}, vER and [v]g=[c, ¢, - c,]".

=[b; by - b, ][Vlg
= B[v]4, where B 1s invertible, since it has n L.I. columns.

Example: v = 1 —4 4 and

1 [ 1 1 ]) —6
B_{|:1]7 _1:|’|:2:| >:> [V]BBlv|: 4 :|
1 1 2 3




The equation of the ellipse in
the x', y'-coordinate system is

2 2
@), 00,
3 2
Consider the basis B8 = {b,, b,}.

by = Ays0€4 by = Ays0€9
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Thus, the equation of the ellipse in the x, y-coordinate system is
N2 2
@2, 00
3 2
V2. V2, V2. V2,
(fre )’ (For )’

= 32 T 22

or 132°% — 10zy + 13y? = 72
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Example
Let £ = {e1,ea, - ,e,} be the standard basis of R". Then for all v € R",
v]e =7
(1)e; (2)ey; (3)e,; (4)v; (5 None of the above
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Example

Let B = {by,bs, -+ ,b, } be an (ordered) basis of R™. Then for alli = 1,2, ...,n,
[b;lp =7

(Db (2)b;  (3)e; (4)e,; (5 None of the above
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Homework Set for Section 4.4

Section 4.4: Problems 1, 5, 7,9, 11, 13, 15, 19, 23, 27, 31, 33,
35,37,39,41,43, 45,47, 49




