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CHAPTER 4 
SUBSPACES AND THEIR PROPERTIES 

Example: non-subspaces 

u ∈ S1, u ≠ 0 ⇒ -u ∉ S1 

22 1
1

1
1

but  
1
1

  ,
1
1

SS ∉⎥
⎦

⎤
⎢
⎣

⎡−
+⎥
⎦

⎤
⎢
⎣

⎡
∈⎥
⎦

⎤
⎢
⎣

⎡−
⎥
⎦

⎤
⎢
⎣

⎡

Definition. (Subspace)
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Example: 

is a subspace, since 

1. 0 ∈ W (for 0 = [ 0  0  0 ]T, 6(0) - 5(0) + 4(0) = 0); 
2. u = [ u1  u2  u3 ]T, v = [ v1  v2  v3 ]T ∈ W ⇒ u+v ∈ W 
    (6(u1+v1) - 5(u2+v2) + 4(u3+v3) 
      = 6u1 - 5u2 + 4u3 + 6v1 - 5v2 + 4v3 = 0 + 0 = 0); 
3. u = [ u1  u2  u3 ]T ∈ W ⇒ cu ∈ W 
    (6(cu1) - 5(cu2) + 4(cu3) = c(6u1 - 5u2 + 4u3) = c0 = 0). 

Example: W = {cw | c ∈ R} is a subspace (you show it). 

Example: Rn and {0} are both subspaces of Rn. 
                {0} is the zero subspace, and others are non-zero subspaces. 
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Proof 

Theorem 4.1
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Theorem 4.1

Example: 

⇒ W is a subspace of R3. 
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A ∈ Rm×n ⇒ Null A = { v ∈ Rn :  Av = 0 }, the solution set of the 
homogeneous system of linear equations Av = 0. 

Definition

Theorem 4.2

Proof 
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Example: 

? Null 
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parametric form 
of the general 
solution to Ax = 0  

Au = 0 
   ⇒ u ∈ Null A 
Av = [ 0  -10  10 ]T ≠ 0 

     ⇒ v ∉ Null A 

2

664

x1

x2

x3

x4

3

775 =

2

664

�2x2 + 4x4

x2

�3x4

x4

3

775 = x2

2

664

�2
1
0
0

3

775+ x4

2

664

4
0
�3
1

3

775

Null A = Span

8
>><

>>:

2

664

�2
1
0
0

3

775 ,

2

664

4
0
�3
1

3

775

9
>>=

>>;

8 



Definition

Definition
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Example: 
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The reduced row echelon form of [ A  u ] is 

⇒ Ax = u is inconsistent, and u ∉ Col A. 

The reduced row echelon form of [ A  v ] is 

⇒ Ax = v is consistent, and v ∈ Col A. 
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Example: 

has the standard matrix 

⇒ Range of T = A =
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The range of a linear transformation is the same as the column space of its

standard matrix.
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Example: 

has the standard matrix 

, for which the reduced row echelon form is 

⇒ Null space of T = Span 
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The null space of a linear transformation is the null space 
of its standard matrix.



Section 4.1: Problems 2, 8, 11, 19, 27, 29, 35, 37, 77, 78, 80 

Homework Set for Section 4.1 
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