
Definition. (Submatrix for cofactor)


ith row 

jth column 

Suppose A = [aij ] 2 Mn⇥n is an n⇥ n square matrix.

An (n � 1) ⇥ (n � 1) matrix Aij is defined as the submatrix A obtained by

removing the ith row and the jth column of A.

Definition. (Determinants and Cofactors)

Suppose A = [aij ] 2 Mn⇥n is an n⇥ n square matrix.

The determinant of A, denoted by det A or |A|, is defined as det A = a11 for

n = 1 and

det A = a11 · det A11 � a12 · det A12 + · · ·+ (�1)

1+na1ndet A1n

for n > 1. The (i, j)-cofactor cij of A is defined as (�1)

i+j
det Aij .1 

Aij =

2

6666664

a11 · · · a1j · · · a1n
...

...
...

ai1 · · · aij · · · ain
...

...
...

an1 · · · anj · · · ann

3

7777775



Question 
Consider two n⇥ n matrices A and B. Is

det (AB) = detA · detB

always true?
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Theorem 3.3 (a)


Proof  If B is obtained by interchanging row r and row s = r + 1 of A, 
     ⇒ arj = bsj  and  Arj = Bsj  ∀j. 
     ⇒ (-1)r+1ar1det Ar1 + (-1)r+2 ar2det Ar2 +  + (-1)r+narndet Arn 
           = (-1)r+1bs1det Bs1 + (-1)r+2 bs2det Bs2 +  + (-1)r+nbsndet Bsn 
           = - (-1)s+1bs1det Bs1 - (-1)s+2 bs2det Bs2 -  - (-1)s+nbsndet Bsn 

     ⇒ det A = - det B. 
          If B is obtained by interchanging row r and row s > r + 1 of A, 
     ⇒ B may be obtained from A by making adjacent row interchanges: 
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      s - r 
adjacent row 
interchanges 

   s - r - 1 
adjacent row 
interchanges 

      ⇒ det B = (-1)s-r(-1)s-r-1 · det A = (-1)2(s-r)-1 · det A = - det A 
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Theorem 3.3 (b)


Proof  (b) If B is obtained by multiplying row r of A by k, 
     ⇒ det B 
      = (-1)r+1br1det Br1 + (-1)r+2 br2det Br2 +  + (-1)r+nbrndet Brn 
      = (-1)r+1kar1det Ar1 + (-1)r+2kar2det Ar2 +  + (-1)r+nkarndet Arn 
      = k · det A. 
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Theorem 3.3 (c)


Proof   If C ∈ Mn×n has two identical rows, then by (b) det C = - det C,  
      since C = C with the two identical rows interchanged. 
      ⇒ det C = 0. 
     If B is obtained by adding k times row s of A to row r (≠ s), 
      ⇒ det B  = (-1)r+1br1det Br1 +  + (-1)r+nbrn det Brn  
        = (-1)r+1(ar1+kas1)det Ar1 +  + (-1)r+n(arn+kasn)det Arn 
        = (-1)r+1ar1det Ar1 +  + (-1)r+narn det Arn 

           + k · [(-1)r+1as1det Ar1 +  + (-1)r+n asn det Arn] 

        = det A + k · det C, where rows r and s of C are identical.  
      ⇒ det B  = det A + k · 0 = det A 
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Theorem 3.3


Proof  (d) If E ∈ Mn×n is an elementary matrix obtained by interchanging 
      two rows of In, then det E  = - det In = -1, and by (a) det EA =  
      - det A = (det E)(det A).  For the other two types of elementary 
      matrices, the proofs are similar.  
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Proof  Ek  E2 E1A = U ⇒ det(Ek )  det(E2)det(E1)det(A) = det U. 
           Since det(Ek ) = ±1, we have (-1)rdet A =  det U. 
 


8 



Example: 

⇒ det A = (-1)2det U = (-1)2 · (-2) · 1 · 4 · 1 = -8. 
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Using Gaussian elimination to evaluate determinants is much faster 
than using cofactor expansion, especially for large matrices. 

Proof  rank A < n ⇔ its row echelon form has the zero bottom row. 


 

For any A 2 Mn⇥n, A is not invertible if and only if detA = 0.
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Theorem 3.4 (a)(b)


Proof  
 b) If A is invertible, then ∃ elementary matrices E1, E2, , Ek, such 
      that A = Ek  E2 E1. 
      ⇒ (det A)(det B) = (det Ek )  (det E2) (det E1)(det B) 
           = (det Ek )  (det E2)(det E1B) =   
           = det(Ek  E2E1B) = det AB. 
     If A is not invertible, then ∃ an invertible P such that PA = R, the 
     reduced row echelon form of A. 
     ⇒ R, and thus RB, have the zero bottom rows. 
     ⇒ (det P)(det AB) = det P(AB) = det RB = 0 ⇒ det AB = 0, 
     but (det A)(det B) = 0 · (det B) = 0. 
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Theorem 3.4 (c)


Proof    
(c) If A is invertible, then ∃ elementary matrices E1, E2, , Ek, such 
      that A = Ek  E2 E1, and AT = E1

TE2
T Ek

T. 

         ⇒ det AT = det(E1
TE2

T Ek
T) = (det E1

T)(det E2
T)  (det Ek

T) 
           = (det E1)(det E2)  (det Ek) 

           = (det Ek)  (det E2)(det E1) 
           = det (Ek  E2E1) = det A. 
      If A is not invertible, then AT is not invertible, otherwise (AT)T = A 
      would be invertible. 
      ⇒ det AT = 0 = det A. 
 
Note: det Ei

T = det Ei 
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Theorem 3.4 (d)


Proof 
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Theorem 3.4
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Example: 

∴ The matrix is invertible if and only if c ≠ -3. 
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Example:      m 
    n  

m 
 
n 

m×n 

⇒ 

Example: 
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Section 3.2: Problems 7, 13, 22, 36, 39-44


Homework Set for Section 3.2 
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